Accurate quantum-mechanical nonrelativistic variational calculations are performed for the nine lowest members of the 2 P o Rydberg series (1s 2 np 1 , n = 2, . . . , 10) of the lithium atom. The effect of the finite nuclear mass is included in the calculations allowing for determining the isotopic shifts of the energy levels. The wave functions of the states are expanded in terms of all-electron explicitly correlated Gaussian functions. The exponential parameters of the Gaussians are variationally optimized with the aid of the analytical energy gradient determined with respect to those parameters. The calculated state energies are compared with the available experimental data.
I. INTRODUCTION
The last two decades have witnessed significant progress in high-precision calculations of energy levels for lithium and lithiumlike ions. [1] [2] [3] [4] [5] [6] [7] [8] [9] We have also contributed to this effort. [10] [11] [12] 13 basis functions because they are capable of very well describing the medium and long range electron correlations. They also have the correct behavior at short electronelectron and electron-nucleus distances. An alternative to using Hylleraas functions in expanding wave functions of ground and excited states of small atoms are all-electron explicitly correlated Gaussian (ECG) functions. These functions are at present the only viable alternative to perform high-accuracy calculations for atoms with more than three electrons. Our ECG calculations on the Be atom 14 demonstrated that an uncertainty of about 0.002 cm −1 for the transition energies can be achieved, if an extensive variational optimization of the nonlinear parameters of these functions is performed. Even though this is larger than the uncertainties, which have been achieved in calculations with Hylleraas basis functions for three electron systems, the results obtained with Gaussians can always be improved by adding more basis functions and investing more computational effort in the optimization. As of now, while Hylleraas functions have been generally superior in the calculations of two and three electron atomic systems, the field of highaccuracy calculations of four and five-electron atoms have been dominated by Gaussians. However, even for some types of excited states of the three-electron atoms, the calculations a) Electronic mail: ludwik@u.arizona.edu.
with Gaussians provided the most accurate transition energies available in the literature. A good example here is the lithium atom, for which the Gaussian calculations provided the most accurate available transition energies of 2 D Rydberg states. 11, 12 This may be associated with the higher flexibility of Gaussians in describing rich nodal structures of excitedstate wave functions. However, it may also be because the use of Hylleraas functions in high-accuracy calculations of states with higher angular and radially excitations has not yet been scrutinized.
In this work we continue our high-accuracy calculations of yet another group of states of the lithium atom. They are the lowest nine 2 P o Rydberg states (1s 2 np, n = 2, . . . , 10). The calculations are performed with all-electron ECGs. The NIST Atomic Spectra Database (NIST ASD) (Ref. 15) provides energies (determined with respect to the 2 S(1s 2 2s) ground state) of 41 such states located below the ionization threshold among the total of 182 lithium states. This is by far the largest group of states measured for lithium.
In this work, we employ the variational method with a Hamiltonian, which describes the internal electronic state of the atom and which explicitly depends on the mass of atom's nucleus. The calculations, which involve generating an ECG basis for each studied state, are first performed for the most abundant lithium isotope, 7 Li. Subsequently, the basis sets generated for the nine 2 P o states of 7 Li are used in the calculations for 6 Li, as well as in the calculations of the lithium atom with an infinite nuclear mass ( ∞ Li). The purpose of the latter set of calculations is to generate energies that can be directly compared with the results obtained in conventional nonrelativistic calculations, which are usually performed with the infinite-nuclear-mass approach (i.e., by assuming the Born-Oppenheimer approximation). Such calculations were recently performed for the lowest 2 The high accuracy in the present calculations has been achieved by employing large ECG basis sets and by optimizing the nonlinear parameters of Gaussian with a procedure which employs the analytical energy gradient determined with respect to these parameters. The algorithms for calculating the energy and the energy gradient used in the present 2 P o -state calculations, were presented in our previous work. 17 They have been derived usingĤ int , which is obtained by rigorously separating the kinetic energy of the center of mass motion from the laboratory frame Hamiltonian. The separation leads to the following form ofĤ int in atomic units:
where n is the number of electrons, r i is the vector connecting the nucleus with the ith electron, r i is its length, r ij is the distance between electrons i and j, m 0 is the nucleus mass (12 786 .3933m e for 7 Li and 10 961.898m e for 6 Li, where m e = 1 is the electron mass), q 0 = 3 is its charge, q i = −1 are electron charges, and μ i = m 0 m i /(m 0 + m i ) are electron reduced masses. The prime indicates the matrix/vector transpose.
The 
II. METHOD
The all-electron explicitly correlated Gaussians used in this work to describe the 2 P o states of the Li atom have the following form 17 :
where the electron label i k can vary from 1 to n, A k is an n × n symmetric matrix, ⊗ is the Kronecker product, I 3 is a 3 × 3 identity matrix, and r is a 3n vector of the electron coordinates. To assure that the Gaussians (2) are square integrable (this happens when the A k matrix is positive definite) we use the following Cholesky factored form of
where L k is a lower triangular matrix. The values of the L k matrix elements can vary from ∞ to −∞ and A k is automatically positive definite and the Gaussian is square integrable. Thus the optimization of the elements of matrices L k can be carried out without any constraints. The basis set optimization has been carried out separately for each of the nine 2 P o states considered in this work. As mentioned, it was only done for the 7 Li isotope and then the 7 Li basis sets were reused in the 6 Li and ∞ Li calculations without reoptimization of the nonlinear parameters (i.e., the L k matrix elements and the i k electron indices were kept the same for all isotopes). Our previous experience suggests that readjusting the linear expansion coefficients is sufficient to account for the small variation of the total wave function resulting from the change of the nuclear mass.
Generating the basis set for a particular state was initiated with a small, randomly chosen set of functions and involved incremental addition of new functions and variationally optimizing them with the use of the analytic gradient. The new functions were added to the basis set one by one with L k parameters chosen as a best guess out of several hundred candidates. The parameters of the candidate functions were generated based on the parameters of the functions already included in the set. After each new function was selected, its i k index and the L k parameters were optimized. Next the function was checked for any linear dependency with the functions already included in the basis set and, if such linear dependency appeared, the function was rejected and replaced by a new function. After a certain number of new functions (usually a hundred) was added to the basis set following the above procedure, the whole set was reoptimized by cycling over all functions, one by one, and reoptimizing their L k parameters. After the parameters of a function were reoptimized, the function was again checked for any linear dependency with all other functions in the set and its parameters were reset to their original values if the linear dependency within a certain predefined threshold occurred. The process of growing the basis set continued until a satisfactory level of the energy convergence for each state was reached. This required a smaller number of functions for lower states and larger for higher states, as the energy convergence slows down with an increasing excitation level.
The threshold for the energy convergence was set based on the convergence of the relative energy of the state determined with respect to ground 2 S(1s 2 2s) state expressed in wavenumbers. As the aim of the present work was to achieve a similar level of precision as typical to the experimental data listed in NIST ASD (i.e., two digits after the decimal point in the transition energies expressed in wavenumbers) the number of Gaussians in the basis set for each state was increased until two digits in the calculated transition energy of the state were converged. This was achieved for all except the last two states considered in this work, i.e., the 1s 2 9p and 1s 2 10p states, where the final energy convergence was slightly lower and the use of a more extended ECG basis would be desirable. However, due to the practical limits related to the computational resources available for this work, we had to stop increasing the basis sets at a certain point. For the same reason we did not go beyond the 1s 2 10p excited state, even though our approach, in principle, allows to do that.
There is also another issue that needs to be addressed in extending the present calculations to higher excited Rydberg states. It is related to the effectiveness of ECGs (2) used in this work to represent states with wave functions having an increasing number of radial nodes. Such nodes require the use of Gaussians whose maxima are shifted away from the nucleus. For example, multiplying Gaussians (2) by r
where m is a positive power:
would generate such functions. We are currently in the process of implementing Gaussians with the following general form:
where (q1) i 1k , (q2) i 2k , and (q3) i 3k are either x, y, or z coordinates of electrons i 1k , i 2k , and i 3k . They will be used to calculate F states of small atoms including 7 Li. However, they can also be used to generate the following Gaussians:
Combining them with Gaussians (2) would generate a basis which is likely to be better suited to describe higher Rydberg P states than functions (2) alone. Incidentally, the appearance of linear dependencies in the calculations of the lithium 2 P states, which has been more frequent for higher states than for lower ones, is a clear indication of the need for additional types of Gaussians in the basis set. The majority of such linear dependencies involve pairs of Gaussians. If, for example, the two Gaussians in a pair differ (a little) only in terms of a single A k matrix element and this element is the ith diagonal element, then a linear combination of the two Gaussians with linear coefficients of approximately the same magnitude but with opposite signs mimics Gaussian (2) multiplied by r 2 i . This is a type-(5) Gaussian. In a similar way functions approximating products of Gaussians by squares of the interelectron distances, r 
III. RESULTS
While the accuracy currently achievable with ECG basis functions in the calculations of atoms is lower than that one can get with Hylleraas basis functions, the ECG results are sufficiently accurate for the purpose of the present work. For example, our calculation of the ground 2 S state of ∞ Li with 10,000 basis functions yielded the nonrelativistic energy of −7.478 060 323 81 hartree. 10 It is off by one is the tenth figure 8 First, a basis set of 7000 ECGs was generated for 7 Li isotope following the procedure described in Sec. II. As the procedure involves incremental addition of subsets of functions, some basis set with smaller sizes were also generated in the process. Next, these basis sets, as well as the 7000-ECGs basis set, were used to calculate the energy of the lowest 2 P o state of ∞ Li. In Table I our results are compared with the results obtained using a similar number of Hylleraas functions, as well as with the those computed with the largest Hylleraas expansion in Ref. 8 . The comparison shows that the Hylleraas basis energies are comparable to the ECG results when the number of basis functions is about the same and that ten significant figures of our best 7000 ECG energy are converged. The convergence of the total energy in the present calculations for the lowest 2 P o state is good enough to determine its relative position with respect to the ground 2 S state with the precision better than 0.01 cm −1 , which was our target for all nine states considered in the present work.
As mentioned previously, higher excited states normally require progressively more basis functions to describe the increasing number of radial nodes in their wave function. Therefore in the present calculations the number of Gaussians has been increased with the excitation level and reached 9500 for the ninth 2 P o (1s 2 10p) state. The energy convergence with the number of ECGs in the basis set for all nine states (1s 2 np, n = 2, . . . , 10) of 7 Li is shown in Table II . As one can see, even with the significant increase of the number of basis functions, the highest two states, i.e., the 1s 2 9p and 1s 2 10p states, are not as tightly converged as the lower ones.
In Table III we show differences between the experimental transition energies determined with respect to the ground 2 S(1s 2 2s) state and the calculated transition energies for the nine 2 P o states. The differences are shown as they converge with the increasing number of the basis functions. The differences account for the effects not included in the present calculations, e.g., the relativistic and QED effects (the contribution of these effects is the negative of the difference). In the table we also show the experimental energies and the energies calculated with the largest number of Gaussians generated for each state in the present work. Upon examination of the convergence patterns one can conclude that the energies of the lowest seven of the nine states are converged to the second figure after the decimal point (as intended). For the top two states the convergence is somewhat worse.
The following observations can be made upon examining the results presented in Table III r For the 1s 2 9p and 1s 2 10p states the experimentaltheoretical energy differences are, as mentioned, not completely converged. However, as one can see in Table III , with inclusion of more basis functions in the calculations for these states, the differences should converge to values very close to the expected −2.55 cm −1 .
For completeness of the present computational work, in Table IV we also show commonly computed expectation values of the powers of the interparticle distances and Dirac delta-functions (contact densities). As expected, upon increasing the excitation level both the average nucleuselectron and electron-electron distances rapidly increase. There are some slight differences between the values of the average distances for 6 Li and 7 Li. Due to the reduced mass of the electron being slightly smaller for 6 Li than for 7 Li, both nucleus-electron and electron-electron distances are slightly longer for the former system. For example, for the highest 1s 2 10p state considered in the present calculations, the expectation values of r ne for 7 Li and 6 Li are 49.587 03 and 
IV. SUMMARY
Accurate nonrelativistic variational calculations have been performed for the nine lowest members of the 2 P o 1s 2 np series of the lithium atom. For all these nine states experimental transition energies relative to the ground 2 S(1s 2 2s) state are known with precision better than two significant figures after the decimal point. The analysis of the trend of the experimental-theoretical energy differences for these states leads to a suggestion that, perhaps, the most recently obtained energies of two of the states (1s 2 6p and 1s 2 7p) may be slightly inaccurate (by 0.03-0.02 cm −1 ). Thus our theoretical predictions can provide a guide for more accurate remeasurements of the energies of these states.
